Uncertainty theory is a branch of mathematics for modeling uncertainty in human reasoning.
Introduction
As a branch of mathematics, probability theory studies the behavior of random phenomena. A complete axiomatic foundation of probability theory was given by Kolmogorov [6] . A fundamental condition of applying probability is that the estimated probability is close enough to the real frequency, no matter whether the probability is interpreted as subjective or objective. Otherwise, the law of large numbers is no longer valid and probability theory is no longer applicable. However, very often we are lack of observed data about the unknown state of nature, not only for economic reasons, but also for technical difficulties. In order to deal with this case, some domain experts have to be invited to evaluate their belief degree that each event will occur. Since human beings tend to overweight unlikely events [5] , the belief degree may has a much larger range than the real frequency. If we insist on thinking that the belief degree is subjective probability, it may lead to counterintuitive results [13] . In order to model this type of imprecise phenomena, uncertainty theory was founded by Liu [7] in 2007 and refined by Liu [10] in 2011.
Nowadays uncertainty theory has become a branch of mathematics based on the normality, self-duality, countable subadditivity and product measure axioms.
In order to model "unsharp concepts" like "young", "tall", "most", and "about 100 km", the concept of uncertain set was first proposed by Liu [9] in 2010 and recast by Liu [12] . The expected value of uncertain set was also defined by Liu [9] . Liu [11] introduced the concepts of variance, entropy and distance of uncertain sets. More importantly, Liu [12] presented the concept of membership function to describe uncertain set and provided the operational law of uncertain sets via membership functions or inverse membership functions. Based on uncertain set theory, uncertain logic was designed by Liu [11] for dealing with human language by using the truth value formula for uncertain propositions. In addition, a basic uncertain inference rule was proposed by Liu [9] . After that, Gao et al. [3] extented the inference rule to the case with multiple antecedents and multiple if-then rules. Based on the uncertain inference rule, Liu [9] suggested a concept of uncertain system and then presented uncertain inference controller as a tool. As a contribution, Peng and Chen [18] proved that an uncertain system is a universal approximator. As a successful application, Gao [4] balanced an inverted pendulum by using the uncertain inference controller.
In order to deal with expert's experimental data by uncertainty theory, Liu [14] defined uncertain statistics in 2010. In uncertain statistics, Liu [14] firstly suggested an empirical uncertainty distribution and proposed a principle of least squares as the method for estimating the unknown parameters. In addition, Wang and Peng [20] proposed a moment method for estimating the unknown parameters in uncertain statistics in 2010. Also, in order to estimate the uncertainty distribution for an uncertain variable via multiple experts' experimental data, Wang et al [21] proposed a new method based on uncertain statistic and Delphi method.
Similarly, in order to determine the membership function of an uncertain set, a new statistical method was firstly presented by Liu [10] in 2011, and is a methodology for collecting and interpreting expert's experimental data by uncertainty theory. In uncertain statistics, Liu [11] suggested an empirical membership function and proposed a principle of least squares as a method for estimating the unknown parameters based on the expert's experimental data. When dealing with multiple experts' experimental data, a new method is proposed in this paper. The key technique of the new method is the combination of the method of uncertain statistics and Delphi method to estimate membership function of the uncertain set.
The rest of the paper is organized as follows. The next section is intended to introduce some concepts in uncertainty theory as they are needed. Some basic concepts of uncertain statistics are introduced in 
Preliminaries
In this section, we will introduce some useful definition about uncertain measure, uncertain set, membership function and so on.
Let Γ be a nonempty set, and L be a σ-algebra over Γ. Each element Λ ∈ L is called an event.
A number M{Λ} indicates the level that Λ will occur. Uncertain measure M was introduced as a set function satisfying the following axioms (Liu [7] ):
Axiom 3. (Subadditivity Axiom) For every countable sequence of events {Λ i }, we have
The triplet (Γ, L, M) is called an uncertainty space. In addition, Liu [8] defined the product uncertain measure as following. 
Definition 1. (Liu [9]) An uncertain set is a measurable function ξ from an uncertainty space (Γ, L, M) to a collection of sets of real numbers, i.e., for any Borel set B of real number, both of
{B ⊂ ξ} = {γ ∈ Γ|B ⊂ ξ(γ)} and {ξ ⊂ B} = {γ ∈ Γ|ξ(γ) ⊂ B} are events.
Definition 2. (Liu [12]) An uncertain set ξ is said to have a membership function µ if for any Borel set
B of real numbers, we have
Definition 3. (Liu [12]) Let ξ be an uncertain set with membership function µ. Then the set-valued function
Sometimes, the set µ −1 (α) is also called the α-cut of µ (Fig.1) .
Theorem 1. (Liu [11]) A real-valued function µ is a membership function if and only if
0 ≤ µ(x) ≤ 1.
Expert's Experimental Data
Uncertain statistics is based on expert's experimental data rather than historical data. In order to determine the membership function of uncertain set, Liu [11] designed a questionnaire survey for collecting expert's experimental data. That is, we invite one or more domain experts who are asked to complete a questionnaire about the concept of an uncertain set ξ like "about 100km" individually.
We first ask the domain expert to choose a possible value x that the uncertain set ξ may contain.
And then, we quiz him "how likely does x belong to ξ?". Denote his belief degree by α. Thus we obtain an expert's experimental data (x, α) from the domain expert. Repeating the above process, we obtain the expert's experimental data.
Let (x 1 , α 1 ), (x 2 , α 2 ), · · · , (x n , α n ) be the expert's experimental data that meet the following condition
Based on the expert's experimental data, Liu [11] presented the following empirical membership function
Assume that a membership function to be determined has a known functional form with one or more
work is how to estimate those unknown parameters. The principle of least squares presented by Liu [11] tells us that the unknown parameters θ i , i = 1, 2, · · · , k should solve the minimization problem
Multiple Domain Experts
Assume there are m domain experts and each produces an empirical membership function. Then we may
is a membership function, where
Remark 1: ω i , i = 1, 2, · · · , m are convex combination coefficients representing weighs.
is also a membership function by Theorem 1.
Delphi Method
In this section, we will present a new method by combination of the method of uncertain statistics and Delphi method, and we will give some examples to verify our method.
The Delphi technique was invented by by Helmer and Dalkey [16, 17] of the Rand Corporation in 1953 for the purpose of addressing a specific military problem. The steps of the Delphi method is as follows:
Firstly, the participants assess the matters independently and make individual judgement according to individual knowledge and experience. Then from the second round, the participants are provided with feedback on the previous round so that they can assess the same matters again and make a new judgement about altering their opinions. Repeating the above process. Finally, the experts' opinions will tend to be consistent, and a composite survey result is presented.
The Delphi method has been widely accepted as an effective forecasting tool and used in a wide range of applications. It is used to structure a group communication process to facilitate group problem solving and to structure models [15] . The method can also be used as a judgment, decision-aiding or forecasting tool [19] , and can be applied to program planning and administration [2] . The Delphi method can be used when there is incomplete knowledge about a problem or phenomena [1, 2] .
Let ξ be an uncertain set. Our method is aimed at estimating the membership function µ(x) of ξ.
We first invite m experts to choose some possible values x 1 , x 2 , · · · , x n that the uncertain set ξ may (for all experts, their possible values and the number of values can be different). Without loss of generality, we assume x 1 < x 2 < · · · < x n . Then the procedure can be summarized as follows.
Step 1. Respectively, the m domain experts provide their experimental data (x ij , α ij ), where x ij denote the jth possible value provided by the ith expert and α ij denote the ith expert's belief degree that x ij belongs to ξ, i = 1, 2, · · · , m, j = 1, 2, · · · , n i , respectively.
Step 2. Use the ith expert's experimental data (x i1 , α i1 ), (x i2 , α i2 ), · · · , (x ini , α ini ) to generate the empirical membership function µ i of the i-th domain experts, i = 1, 2, · · · , m, respectively.
Step 3. We Calculate the number of the possible values of ξ presented by all experts and denote it by n, where the same values from different experts are treated as one. Then the possible values of ξ are x 1 ≤ x 2 ≤ · · · ≤ x n , and we continue to computē
Step 4. If d j are less than a given level ε > 0 for all j, then go to Step 5. Otherwise, the i-th domain expert receives the summary (for example, theᾱ j obtained in the previous round and the reasons of other experts), and then provide a set of revised expert's experimental data (
Step 2.
Step 5. Use the integrated data (
µ(x) of the uncertain set ξ.
Example 1. Forecasting the Average Scores of Higher Mathematics Examination
Uncertain set is a set-valued function on an uncertainty space, and attempts to model "unsharp concepts" that are essentially sets but their boundaries are not sharply described (because of the ambiguity of human language). The concepts that being uncertain set don't have the property of exclusivity.
In this example, the average score of higher mathematics examination is an uncertain set ξ before examining. In order to obtain the membership function of the uncertain set ξ above for forecasting the average scores of all examinees, six teachers are invited to analyze the difficulty degree of higher mathematics examination. Each teacher estimates the average scores and his belief degree on the basis of his knowledge and experience. We will follow the steps above and let the level ε = 0.05. At the same time, we assume that the weight of every expert is Table 1 . 
and
By (3), (4), we compute the correspondingᾱ Table 2 . Table 2 , we provide each teacher with Table 2 as feedback.
According to this feedback each teacher estimates the scores and his belief degree again. The second round experts' experimental data are as follows: Similarly, from the second round data above, six empirical membership function µ (2) l (x), l = 1, 2, · · · , 6 are generated according to (2) . On the other hand, the total possible values presented by the six teachers are 60, 65, 70, 75, 76, 77, 80, 85, 90. Then, we compute the corresponding values of µ (2) l (x) when x = 60, 65, 70, 75, 76, 77, 80, 85, 90. See Table 3 . Table 3  x  60  65  70  75  76  77  80  85 By (3) and (4), we compute the correspondingᾱ
See Table 4 . 
We get the integrated experts' experimental data 
According to the empirical membership function, the estimated average score is 76. At the end, some classes' real scores are randomly selected. See Table 5 [21]. Table 5 , NUM represents the number of the students in the class and AVE represents the real average score.
From Table 5 , we know that the highest average score is 84, the lowest average score is 58 and the total average score is 73. Compared with the result of [21] , the estimated score of this paper is higher, but it can be accepted.
Conclusions
Uncertain statistics is a methodology for collecting and interpreting expert's experimental data by uncertainty theory. The method in this paper is a new way to get the empirical membership function when dealing with multiple experts' experimental data. This method depends on each expert's membership function and the Delphi method, and the example shows that this method is effective.
